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‘We prove that the identity

xr(Gx H) > 1 -min{xs(G), xs(H)}

holds for all directed graphs G and H. Similar bounds for the usual chromatic number
seem to be much harder to obtain: It is still not known whether there exists a number n
such that x(G x H) >4 for all directed graphs G, H with x(G) > x(H) > n. In fact, we
prove that for every integer n >4, there exist directed graphs G, H, such that x(G»)=nmn,
X(Hpn)=4 and x(Gn x Hp)=3.

1. Introduction

The categorical product Gx H of two directed graphs G and H is the directed
graph with vertex-set V(G) x V(H) and arcs (uj,us) — (vi,vy) for every
u; — v; in G and ug — vy in H. (Here, we write u — v to indicate the
presence of an arc from u to v.) The product Gx H admits homomorphisms
(that is, arc-preserving maps) to both G and H. This allows one to give an
upper bound for the fractional chromatic number of G x H in terms of its
factors:

(1) Xf(G x H) <min{x¢(G),xs(H)}.
In this paper, we provide the following lower bound:

Theorem 1. For any two directed graphs G and H,
(2) X¢(G x H) > - min{x(G), xs (H)}.
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In [9], we gave examples of n-tournaments S,,, T}, such that x (S, xT},)~
%-n. The best possible lower bound for the fractional chromatic number of a
product of directed graphs in terms of the the fractional chromatic numbers
of the factors will be of the type xf(GxH)>cmin{x¢(G),xs(H)}, for some
¢ between % and %

In contrast, it seems very difficult to find meaningful lower bounds for the
chromatic number of a product of directed graphs in terms of the chromatic

numbers of the factors. Poljak and Rodl [5] introduced the function
¢(n) = min{x(G x H) : G, H are directed graphs and x(G) > x(H) > n}.

It is not even known whether ¢ goes to infinity with n. In [4,11], it is
shown that either ¢(n) =min{3,n} for all n, or lim, . ¢(n) =oc. In fact
the hypothesis that ¢ is bounded by 3 seems plausible in view of our next
result:

Theorem 2. Let T,, denote the transitive tournament on n vertices. Then
there exists a 4-chromatic directed graph H,, such that x(T,, x H,)<3.

If one used arbitrary graphs for both factors of the categorical product
instead of restricting one factor to the relatively small class of transitive
tournaments it seems plausible that Theorem 2 could be improved to families
of directed graphs {G/, }nen, {H], }nen such that x(G))=n, x(H),)=Fk and
X(G), x H]) <3. This holds for all values k if and only if the function ¢ is
bounded by 3.

Now undirected graphs can be viewed as symmetric directed graphs
(where each edge corresponds to two opposite arcs). Hedetniemi’s conjec-
ture states that the bound

3) X(G x H) < min{x(G), x(H)}

is tight for all undirected graphs GG, H. This conjecture has attracted a lot
of attention; see the recent surveys [6,11]. In [12], the question as to whether
the bound (1) is always tight for undirected graphs is discussed. If either of
(1), (3) is tight for undirected graphs, then the bound

(4) X(G x H) = min{x;(G), xs(H)}
holds for all undirected graphs G, H. In [8] the bound
(5) X(G x H) > min{x;(G), xs(H)}

is proved for directed graphs. We note that no improvements on the bounds
(2), (5) are known for undirected graphs.
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2. Proof of Theorem 2

Let T,, be the transitive tournament with vertex-set 1,...,n and arcs x—y
such that z <y. Let H, be the graph with vertex set

V(H,) ={fij:1€{0,1,2},j € {1,2,...,n—1}},
where f; ; is the function from V(T;,) to V(K3)={0,1,2} defined by

L itz <y
f”3<x){i@lif1:>j

(We denote by & the addition in Zs and by + the addition in N). The arcs of
H,, are the couples f; ; — fi i such that x —y in T}, implies f; j(x) # fir j:(y)-
In other words, f; j— fir j» is an arc of H, if and only if ¢/ =i®1 and j' < j+1,
ori=i,j=n—1and j’=1.

The first description of the arcs of H,, allows one to exhibit a natural 3-
colouring of T, x Hy,: let ¢: T, x H,,+—{0,1,2} be defined by c(z, f; j) = fi j(x).
If (x, fij) = (y, fir j) in T, x Hy, then x — y in T, and f; j — f j» in Hp,
whence f; j(x)# fi j(y); this shows that c is a proper 3-colouring of T}, x H,,.

We use the second description of the arcs of H,, to show that x(H,)>4.
Suppose that H,, admits a proper 3-colouring c: H,, — {0,1,2}. Without loss
of generality, we can suppose that ¢(f;1)=1, i=0,1,2. Since f; j — fig1,1, we
then have c(f; ;) €{i,i®2}, j=1,...,n—1, and in particular ¢(f; ,—1)=1H2.
For i=0,1,2, put j; =max{j:c(f;;)=1i}; the structure of H,, then implies
Jo<Jj1<Jj2<Jjo, which is impossible. Therefore, x(H,)>4. ]

3. Proof of Theorem 1

The graph H,, of the previous section is actually a subgraph of the exponen-
tial graph K1» whose vertices are all the functions from V(T},) to V (K3).
In general, for two graphs G and K (directed or undirected), the exponential
graph K@ is the graph whose vertices are all the functions from V(G) to
V(K), where f — g if and only if for all z —y in G, we have f(x)— g(y)
in K.

There is a natural correspondence between the homomorphisms from
G x H to K and the homomorphisms from H to K¢: If ¢: G x H — K is
a homomorphism, then the map 1& : H — K¢ defined by @Z;(y) = fy, where
fy(@) = Y(x,y) for all x € V(G), is also a homomorphism. Conversely, a
homomorphism from H to K¢ also defines a homomorphism from G x H
to K, as indicated in the proof of Theorem 2. It follows that Hedetniemi’s
conjecture is equivalent to the statement that for every undirected graph



628 CLAUDE TARDIF

G such that x(G) > n, we have x(K$) = n. For n = 3, this statement is
proved in [2]. However, no general bound for x(K¢) that uses only the high
chromaticity of GG is known. In particular, proving that there exists a number
M such that for every directed graph G, x(G) > M implies x(K$) < M
is equivalent to proving that the Poljak—Rodl function of the introduction
is unbounded. We will see in Section 4 that the fractional version of this
problem is much more tractable.

We will use three equivalent definitions of the fractional chromatic num-
ber; see [7] for a detailed treatment. Let Z(G) denote the family of all in-
dependent sets of a directed graph G. A function p:Z(G)+— [0,1] is called
a fractional colouring of G if 3> c;rpu(I) > 1 for all z € V(G). The value
Yrez(c) #(I) is called the weight of p. Also, a function v: V(G)— [0,1] is
called a fractional clique of G if 3, c;v(x) <1 for all 1 €Z(G). Its weight is
> wcv(e) V(). The fractional chromatic number x(G) of G is the common
value of the minimum weight of a fractional colouring of G and the max-
imum weight of a fractional clique of G. In terms of homomorphisms, the
fractional chromatic number can also be defined as follows:

Xs(G) = min{? : G admits a homomorphism to K(r,s)},

where K(r,s) is the Kneser graph whose vertices are the r-subsets of
{1,...,s}, where A— B if and only if ANB=).

Let G,H be graphs such that x¢(G x H)=p and x¢(G) > 4p. To prove
Theorem 2 it suffices to show that x ¢(H) <4p. By definition, x(Gx H)=p
implies that there exist integers r,s such that 2 = p and G x H admits a
homomorphism to K(r,s). Thus H admits a homomorphism to K(r,s)"
and y ¢ (H) <x7(K(r,s)%). We will show that (K (r,s))<4p.

For xeV(G) and 1<k<s, put

I(z,k) = {h € K(r,s)% : k € h(z) N h(y) for some x — y in G}.

If hel(x,k) and W — h in K(r,s), then for some  — y in G we have
k € h(y), thus k & h'(z), and W' & I(x,k). This shows that I(x,k) is an
independent set.

Let v:V(G)~[0,1] be a fractional clique of weight x¢(G). For z€V(G)
and 1<k<s, put

4
p(z, k) = 7@V (@)

(and u(I) =0 for all other I € Z(K(r,s)%)). Then ZIGI(K(T S)G)M(I) =4p.
We will show that s is a fractional colouring of K (r,s)”
For a function h€ V(K (r,5)%), let G}, be the subgraph of G induced by

V(Gh) = {z € V(G) : |h(x) 0 (Uz—yh(y))] < 5}-
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For every x € V(G},), we can select a set A(x) Ch(x) such that |[A(z)|=[Z]
and A(z)Nh(y)=0 for all x —y in G. The map 9 :Gj— K([5],s) defined
by ¢(z) = A(z) is a homomorphism, therefore x(Gp,) < 2 < @ Since
the restriction of v to V(G}) is a fractional clique of Gp, we then have
Yeev(ay V(@) < @ Therefore

ZM( Z Z{,u ik € h(z) N h(y) for some z — y}

hel zeV(G)

Z Z{Txf ): k€ h(z)Nh(y) forsome:n—>y}

&V (Gp)
Z r-x;l(G) ) V(:L‘) ) %
gV (Gp)

4 6 ¢
2 rxf(G) 2 2

Y

Y

This shows that u is a fractional colouring of K(r,s)¢ of weight 4p, and
concludes the proof of Theorem 1. I

4. The fractional Poljak—Ro6dl function

In this section, we consider the fractional analogue of the Poljak—Rodl func-
tion presented in the introduction:

¢f(x)=inf{xf(GxH):G,H are directed graphs and xf(G) > x¢(H)>x}.

The best possible bound for the fractional chromatic number of a categorical
product of directed graphs in terms of the fractional chromatic numbers of
its factors is therefore

X (G x H) = ¢5 (min{x;(G), xs(H)}) -

We will show that this bound is essentially linear:
Theorem 3. ¢fT(x) converges to c:inf{qsz(x) :x>2}.

To prove this result, we introduce the lexicographic product G[H]| of two
directed graphs G and H: The vertex set of G[H]| is V(G) x V(H), and
(u,v)— (v/,v") in G[H] if and only if u=u' and v—v', or u—'. There is a
very simple formula expressing the fractional chromatic number of G[H] in
terms of those of G and H:

Lemma 4 ([3]). x;(G[H])=x;(G)-xs(H).
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(The result is stated only for undirected graphs in [3], but it is valid for
directed graphs as well, since the orientation does not affect the structure
of the independent sets.) In particular, for the transitive tournament 7, we
have x ¢ (G[Tn])=n"x(G).

Lemma 5. x;(G[T,]|x H[T,])=n-x¢(Gx H).
Proof. Let v:G x H—[0,1] be a fractional clique of weight x (G x H). We
define the function v':G[T,,| x H[T,,]— [0,1] by

w«mwxmm>:{

Let I be an independent set of G[T,,|xH [T},]. Then for every (u,v) € V(GxH),
there is at most one x € V(7},) such that ((u,z),(v,z)) € I. Furthermore, the
set

J={(u,v) € V(GxH) :there exists x € V(T,,) such that ((u,z),(v,z)) eI}

v(u,v) if x =y,
0 otherwise.

is independent, since (v/,v") — (u,v) in J would imply ((v/,2'),(v',2")) —
((w,z),(v,2)) in I for some z’,2€ V(T,,). Therefore

> Vwa),(vy) < D vluw) <1,
((uvx)7(v7y))€[ (’u,’U)EJ

This shows that v/ is a fractional clique of G[T},]x H[T},|, whence x s (G[T,] ¥
HIT,) > nx/(G x H).
To prove the converse inequality, we use the following

Claim. Let I be an independent set of G x H and S; the subgraph of
G[T,] x H[T},] induced by

V(S1) ={((u,2), (v,y)) € V(G[T,] x H[T3,]) : (u,v) € I}.
Then S is n-colourable.
Proof of Claim. Put

J ={(u,v) € I : there exists (v/,v) € I such that v’ — u},
J" = {(u,v) € I : there exists (u,v') € I such that v — v}.

We split I into the four sets Iy = JNJ', I = J'\J, I =J\J and
Ipin=1I\(JUJ"). We now define ¢: S;—{1,...,n} by

max{z,y} if (u,v) € Iax,

r if (u,v) € I,
IR A e
mln{x7y} lf (U,'U) & Imin.



THE FRACTIONAL CHROMATIC NUMBER OF GRAPHS’ PRODUCT 631

We show that ¢ is an n-colouring of Sy. For ((v/,2'),(v',y")) — ((u,x), (v,y))
in Sy, we have (v/,2')— (u,z) in G[T,] and (v',y’)— (v,y) in H[T,]. There-
fore w'=u or v/ —u in G and v/ =v or v — v in H. If v — u, then since
I is independent, we cannot have v' — v, hence v =v and vy’ <y. This im-
plies that (u,v) € J; moreover there cannot exist a vertex v” in H such that
v —v' =v and (v/,v") €T (for otherwise we would have (v/,v")— (u,v) in

I) hence (u/,v") ¢ J'. We then have

c((u,2"),(v',y) <y <y < c((u, @), (v,9)).

Similarly, v’ — v implies
c((u',2"), (v',y") <2’ <z < e((u, ), (v, y)).

The remaining possibility is «’' =u,v" =v. We then have 2/ <z and 3y’ <uy.
Since the functions max, min and the projections are all proper n-colourings
of T,, x T,,, we again have c¢((v/,2), (v',y")) #c((u,x), (v,y)). Therefore St is
n~-colourable, which proves our Claim. ]

Let p:Z(G x H) — [0,1] be a fractional colouring of G x H. By the
previous Claim, for any I € Z(GxH), the set St can be partitioned into n sets
S1(1),...,S1(n)eZ(G[T,]x H[T,]). Thus we can define a fractional colouring
' Z(G[T,) x H[T,]) — [0,1] by putting p'(S;(i)) = u(I),i = 1,...,n. The
weight of 4/ is n times that of i, therefore x f(G[T,,|xH|[T,]) <n-xs(GxH). 1l

Proof of Theorem 3. The function ¢; is clearly nondecreasing, and by
Lemmas 4, 5, we have ¢¢(n-x) < n-¢gp(x). It is well known that these
(z) o5 ()

conditions imply that ¢fT converges to inf{=L=:2>2}. |

The precise value of ¢ remains to be determined; for the moment, only the
bounds %g c§% are known. Note that the fractional Poljak—R6dl function
¢ admits an undirected analog, which can also be shown to be essentially
linear. However, no improvement on the bound of Theorem 1 is known for
undirected graphs. It would be interesting to find a way to use the symmetry
of the edges to improve this bound. The insight gained could even help to
solve the non-fractional version of the problem.

Added in Proof. We learned that Theorem 2 has also been obtained by
S. Bessy and S. Thomassé.

References

[1] D. Durrus and N. SAUER: Lattices arising in categorial investigations of Hedet-
niemi’s conjecture, Discrete Math. 152 (1996), 125-139.



632

CLAUDE TARDIF: ON CHROMATIC NUMBER OF GRAPHS’ PRODUCT

M. EL-ZAHAR and N. SAUER: The chromatic number of the product of two 4-
chromatic graphs is 4, Combinatorica 5 (1985), 121-126.

G. GAO and X. ZHU: Star-extremal graphs and the lexicographic product, Discrete
Math. 152 (1996), 147-156.

S. Porjak: Coloring digraphs by iterated antichains, Comment. Math. Univ. Carolin.
32 (1991), 209-212.

S. PorJAk and V. RODL: On the arc-chromatic number of a digraph, J. Combin. The-
ory Ser. B 31 (1981), 339-350.

N. SAUER: Hedetniemi’s conjecture — a survey, Discrete Math. 229 (2001), 261-292.
E. R. ScHEINERMAN and D. H. ULLMAN: Fractional Graph Theory, Wiley—
Interscience Series in Discrete Mathematics and Optimization, John Wiley & Sons,
New York, 1997, xviii4+211 pp.

C. TARDIF: The chromatic number of the product of two graphs is at least
half the minimum of the fractional chromatic numbers of the factors, Comment.
Math. Univ. Carolin. 42 (2001), 353-355.

C. TARDIF: Chromatic numbers of products of tournaments: Fractional aspects of
Hedetniemi’s conjecture; preprint, 2001, 7 pages ms.

C. TARDIF and X. ZHU: The level of nonmultiplicativity of graphs, Discrete Math.
244 (2002), 461-471.

X. Zuu: A survey on Hedetniemi’s conjecture, Taiwanese J. Math. 2 (1998), 1-24.
X. ZHu: The fractional chromatic number of the direct product of graphs, Glasg.
Math. J. 44 (2002), 103-115.

Claude Tardif

Department of Mathematics and Computer Science
Royal Military College of Canada

P.0O.Box 17000, Station “Forces”

Kingston, Ontario K7K-7B/

Canada

Claude.Tardif@rmc.ca


mailto:Claude.Tardif@rmc.ca

	Heading
	1. Introduction
	2. Proof of Theorem 2
	3. Proof of Theorem 1
	4. The fractional Poljak-Rödl function
	References

